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The non-centrosymmetric superconductors Li2Pd3B and Li2Pt3B show different superconducting prop-
erties despite having the same crystal symmetry. Motivated by experimental results, we investigate the
spin susceptibility of non-centrosymmetric superconductors accompanied by the topological transition of
Fermi surfaces due to antisymmetric spin-orbit coupling, which is indicated by the first-principles band
structure calculation for Li2Pt3B. We study three types of topological transition, namely, (A) the disap-
pearance of the Fermi surface, (B) crossing the Dirac point, and (C) crossing the saddle point van-Hove
singularity. The spin susceptibility in the superconducting state is increased by the topological transitions
(A) and (C), while it is decreased by (B). We discuss the unusual magnetic properties observed in Li2Pt3B
on the basis of these results.
KEYWORDS: superconductivity without inversion symmetry, topological transition of Fermi surfaces, spin
susceptibility
1. Introduction
Recently, superconductors lacking inversion symmetry in
the crystal structure have been attracting much attention. The
antisymmetric spin-orbit coupling induced by the broken in-
version symmetry leads to the spin-splitting of the Fermi sur-
face and gives rise to unique superconducting properties, such
as the parity mixing of Cooper pairs.1)
Among many non-centrosymmetric superconductors, the
perovskite-like cubic compounds Li2Pd3B2) and Li2Pt3B3)
show particularly intriguing properties. The superconducting
properties are different between these two compounds in spite
of having the same crystal symmetry.2–12) The order param-
eter is fully gapped in Li2Pd3B, while it has line nodes in
Li2Pt3B.4–7, 9, 12) The NMR Knight shift of Li2Pd3B is de-
creased across the superconducting transition temperature Tc,
while that of Li2Pt3B is mostly unaffected in the supercon-
ducting state.6, 12) Although these behaviors of Li2Pd3B indi-
cate the conventional s-wave superconductivity admixed with
the spin triplet p-wave one owing to the antisymmetric spin-
orbit coupling, experimental results of Li2Pt3B are incompat-
ible with the canonical theory of non-centrosymmetric super-
conductivity.1)
According to the weak coupling theory neglecting the
correlation effects, the spin susceptibility in the cubic non-
centrosymmetric superconductor should be reduced to 2/3
of the normal state value at T = 0.13, 14) On the other hand,
the Knight shift measurement of Li2Pt3B did not show such
a decrease in spin susceptibility.6, 12) The spin triplet super-
conducting state has been proposed for Li2Pt3B on the ba-
sis of this experimental result;6, 12) however, the spin suscep-
tibility at low magnetic fields µBH ≪ kBTc is independent
of the symmetry of the order parameter.15) Indeed, the pair-
ing states indicated by theoretical studies16, 17) are incompati-
ble with the Knight shift measurement of Li2Pt3B. Although
the electron correlation effect may enhance the spin suscep-
tibility in the superconducting state,13) such enhancement is
unlikely to occur in Li2Pd3B and Li2Pt3B in which the corre-
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lation effect is negligible.8, 10) The influence of magnetic or-
der has been pointed out for the heavy fermion superconduc-
tor CePt3Si;18, 19) however, the magnetic order does not occur
in Li2Pt3B. Thus, the superconducting state of Li2Pt3B re-
mains controversial, while Li2Pd3B is a “conventional” non-
centrosymmetric superconductor.
For the difference between Li2Pt3B and Li2Pd3B, a sub-
stantial enhancement of antisymmetric spin-orbit coupling
has been pointed out for Li2Pt3B.20) The increase in atomic
LS-coupling on Pt ions as well as the deformation of crys-
tal structure12) significantly increases the antisymmetric spin-
orbit coupling of Li2Pt3B. According to the first-principles
band structure calculation, this enhancement of antisymmetric
spin-orbit coupling is accompanied by the topological transi-
tion of the Fermi surfaces (FS topological transition).21) The
Fermi surfaces of Li2Pd3B consist of several pairs of spin-
split Fermi surfaces. On the other hand, the counterpart of
some pairs vanishes in Li2Pt3B. According to recent studies
of the crystal structure of solid solution Li2(Pd1−xPtx)3B, the
structural deformation occurs at approximately x ∼ 0.8,12)
which is probably accompanied by the FS topological transi-
tion.
The purpose of this study is to clarify the effect of FS topo-
logical transition due to the antisymmetric spin-orbit coupling
on the superconducting state. We here study the roles of three
types of FS topological transition on the spin susceptibility
in the superconducting state. In type (A), one of the spin-
split Fermi surfaces vanishes owing to the substantial increase
in the spin-orbit coupling [see Fig. 1(a)]. In type (B), the
Fermi surface crosses the Dirac point with increasing spin-
orbit coupling, as shown in Fig. 1(b). Finally, in type (C), one
of the spin-split Fermi surfaces crosses a van-Hove singular-
ity, as shown in Fig. 1(c). Our analysis is based on a single-
band model, which cannot reproduce the electronic structure
of Li2(Pd1−xPtx)3B. However, some effects of FS topological
transition are independent of the band structure, as shown be-
low. We expect that the following results would be a key to
resolve unsettled issues of Li2(Pd1−xPtx)3B. Our results are
1
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Fig. 1. (Color online) Schematic figure of FS topological transitions. (a)
Type (A): One of the split Fermi surfaces vanishes around the top or bot-
tom of the band. (b) Type (B): The Fermi level crosses the Dirac point.
In figures (a) and (b), the thick solid lines show the two spin-split bands
and the arrows show the spin of each band. (c) Type (C): A Fermi surface
crosses the van-Hove singularities (closed circles). The dotted and solid
lines show the Fermi surfaces of the ε+ band and the ε− band, respectively.
also applicable to other non-centrosymmetric superconduc-
tors with a large spin-orbit coupling. We introduce the model
Hamiltonian in Sect. 2 and show the numerical results of spin
susceptibility in Sect. 3. Some remarks are given in Sect. 4.
2. Model
We adopt the following single-band Hamiltonian;
H =
∑
k,s
ε(k)c†kscks + α
∑
k,s,s′
g(k) · σss′c†kscks′
+
1
2
∑
k,s,s′
[
∆ss′(k)c†ksc†−ks′ + h.c.
]
, (1)
where cks (c†ks) is the annihilation (creation) operator for
an electron with a momentum k and a spin s. The disper-
sion relation ε(k) is assumed so that the FS topological tran-
sition occurs with increasing antisymmetric spin-orbit cou-
pling. The chemical potential µ is involved in the dispersion
relation and determined so that the electron density per site
is n. The second term describes the antisymmetric spin-orbit
coupling, which preserves the time reversal symmetry for the
antisymmetric g-vector g(−k) = −g(k). The spin-orbit cou-
pling lifts the two-fold degeneracy in the band as ε±(k) =
ε(k)±α|g(k)|. In this research, we study the two-dimensional
Rashba spin-orbit coupling with g(k) = (− sin ky, sin kx, 0) as
well as the three-dimensional cubic spin-orbit coupling with
g(k) = (sin kx, sin ky, sin kz).
We take into account the mean field of superconducting or-
der parameters in the last term of Eq. (1). The order param-
eters ∆ss′(k) involve both spin singlet and triplet components
due to the spin-orbit coupling. We here ignore the spin triplet
component and assume the s-wave spin singlet order param-
eter [∆↑↓(k) = −∆↓↑(k) = ψ], since the spin susceptibility at
zero temperature is independent of the symmetry of order pa-
rameters for a large spin-orbit coupling |∆ss′(k)| ≪ α. 13–15)
Although the p-wave superconducting state of Li2Pt3B has
been indicated by several experimental results,6, 12) we do not
touch this possibility since our analysis of the spin suscep-
tibility cannot distinguish the p-wave superconducting state
from the s-wave one. We take |ψ| ≤ 0.01 so as to be small
enough to satisfy the condition |∆ss′(k)| ≪ α, as realized in
most non-centrosymmetric superconductors.
3. Spin Susceptibility in the Superconducting State
In this section, we calculate the spin susceptibility in
the superconducting state. We consider the zero tempera-
ture T = 0 throughout this paper. The spin susceptibility
χ = limH→0〈M〉/H is obtained by calculating the magnetiza-
tion 〈M〉 in the field H and taking the limit H → 0. The Zee-
man coupling term is introduced as HZ = −(gµB/2)Σk,s,s′H ·
σss′c
†
kscks′ where we assume g = 2 and µB is the Bohr magne-
ton. We first study the two-dimensional systems with Rashba
spin-orbit coupling. Later, we will show the results for three-
dimensional systems with cubic spin-orbit coupling. For two-
dimensional systems, we focus on the spin susceptibility in
the ab-plane, since that along the c-axis is not reduced by the
superconductivity.22) On the other hand, the spin susceptibil-
ity is isotropic in the cubic system. We discuss the spin sus-
ceptibility normalized by the normal state value χs/χn, where
χs is the spin susceptibility in the superconducting state. The
normal state value of spin susceptibility χn is calculated at
T = 0 for |∆ss′(k)| = 0.
3.1 Two-dimensional systems
First, we study two-dimensional systems with the Rashba
spin-orbit coupling g(k) = (− sin ky, sin kx, 0). The dispersion
relation is assumed as
ε(k) = 2t1(cos kx + cos ky) + 4t2 cos kx cos ky
+ 2t3(cos 2kx + cos 2ky) − µ. (2)
The FS topological transition of type (A) occurs at α = 0.325
for the parameters (t1, t2, t3, n) = (−0.25, 0.5, 0.8, 0.1), where
the band width is W = 8. Figure 2(a) shows the normalized
spin susceptibility χs/χn as a function of the spin-orbit cou-
pling α. We see the discontinuous jump of the normalized spin
susceptibility at α = 0.325. This jump is caused by the sud-
den decrease in spin susceptibility in the normal state χn at the
type (A) FS topological transition with increasing α. On the
other hand, spin susceptibility in the superconducting state χs
is not substantially affected by the FS topological transition,
as shown in Fig. 2(a).
We clarify these changes by dividing the spin suscep-
tibility into the Pauli part and Van-Vleck part. The Van-
Vleck part of spin susceptibility is defined using the dy-
namical spin susceptibility in the normal state χn(q, ω) as
χV = limω→0 limq→0 χn(q, ω). On the other hand, the spin
susceptibility observed in experiments is obtained as χn =
limq→0 limω→0 χn(q, ω). The Pauli part is the difference χP =
χn − χV. The Pauli part χP comes from the intraband contri-
butions and is completely suppressed at T = 0. On the other
hand, the Van-Vleck part χV comes from the interband tran-
sition between the ε+ band and the ε− band and is hardly af-
fected by the superconductivity. Note that this Van-Vleck part
χV is different from the usual T -independent Van-Vleck sus-
ceptibility arising from the orbital degrees of freedom. The
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Fig. 2. (Color online) (a) Normalized spin susceptibility χs/χn in the
two-dimensional systems with the Rashba spin-orbit coupling (solid
line). We assume the dispersion relation Eq. (2) with (t1, t2 , t3 , n) =
(−0.25, 0.5, 0.8, 0.1). The FS topological transition of type (A) occurs at
α = 0.325. The spin susceptibility in the normal state χn is shown by the
dotted line. The Pauli part χP (dash-dotted line) and Van-Vleck part χV
(dashed line) are shown for discussion. In Figs. 2(a), 3, and 4, the horizon-
tal thin dotted line shows the normalized spin susceptibility χs/χn = 1/2 of
conventional Rashba superconductors.22) (b) Density of states in the nor-
mal state at α = 0.325. The solid line shows the total density of states. The
density of states of the ε+ band and that of the ε− band are shown by the
dash-dotted and dotted lines, respectively. The vertical dashed line shows
the Fermi energy.
Van-Vleck part χV in our definition has a temperature depen-
dence similarly to the Pauli part χP when the spin-orbit cou-
pling α is much smaller than the Fermi energy. Thus, this χV
is included in the spin part of the NMR Knight shift Ks, while
the Van-Vleck susceptibility arising from the orbital degrees
of freedom is included in the orbital part Korb. When we fo-
cus on the spin susceptibility extracted from the spin part Ks,
as often analyzed in the NMR experiment, the spin suscepti-
bility is obtained as χn = χP + χV in the normal state, while
it is almost equivalent to the Van-Vleck part χs ≈ χV in the
superconducting state.
Because the Pauli part χP is proportional to the density of
states at the Fermi level, the disappearance of the Fermi sur-
face at the type (A) FS topological transition decreases χP as
well as χn. This decrease occurs in a discontinuous manner
in the two-dimensional systems since the density of states is
discontinuous at the band edge [see Fig. 2(b)]. On the other
hand, the spin susceptibility in the superconducting state is
robust for the disappearance of the Fermi surface, since that
comes from the Van-Vleck term χV. In this way, the normal-
ized spin susceptibility χs/χn is increased at the type (A) FS
topological transition with increasing the spin-orbit coupling.
For a large spin-orbit coupling α > 0.325, χs/χn gradually
decreases with α, because of the decrease in the Van-Vleck
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Fig. 3. (Color online) Normalized spin susceptibility χs/χn for
(t1, t2, t3 , n) = (−1, 0, 0, 0.1) in Eq. (2). The FS topological transition of
type (B) occurs at α = 1.22. The lines show the same quantities as in
Fig. 2(a).
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Fig. 4. (Color online) Normalized spin susceptibility χs/χn for
(t1, t2, t3 , n) = (−0.25, 0.5, 0.8, 0.8) in Eq. (2). The FS topological
transition of type (C) occurs at α = 0.69, and that of type (A) occurs at
α = 2.16. The lines show the same quantities as in Fig. 2(a).
term. It should be stressed that χs/χn is much larger than the
canonical value 1/2 when the spin-orbit coupling α is a little
larger than the critical value αc = 0.325.
Next, we study the FS topological transition of type (B).
For the parameters (t1, t2, t3, n) = (−1, 0, 0, 0.1) of Eq. (2), the
Fermi surface crosses the Dirac point at α = 1.22. Figure 3
shows the decrease in χs/χn for α > 1.22 in sharp contrast to
the FS topological transition of type (A). This is because the
density of states at the Fermi energy increases and therefore
the Pauli part χP increases with α for α > 1.22.
The normalized spin susceptibility χs/χn is increased by
the FS topological transition of type (C), as investigated by
Fujimoto.13) Our calculation reproduces his result, but the en-
hancement of normalized spin susceptibility is much smaller
than that due to the type (A) FS topological transition. When
we assume the parameters (t1, t2, t3, n) = (−0.25, 0.5, 0.8, 0.8)
of Eq. (2), the FS topological transition of type (C) occurs at
α = 0.69. Figure 4 shows that χs/χn decreases at the transi-
tion α = 0.69 and increases with increasing α for α > 0.69.
The increase in χs/χn for α > 0.69 is less pronounced than
that due to the type (A) transition. Indeed, we see a signifi-
cant increase in χs/χn at α = 2.16 where the FS topological
transition of type (A) occurs.
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3.2 Three-dimensional systems
We turn to three-dimensional systems with the cubic
symmetry. The cubic spin-orbit coupling with g(k) =
(sin kx, sin ky, sin kz) is considered here. We assume the dis-
persion relation as,
ε(k) = 2t1(cos kx + cos ky + cos kz)
+ 4t2(cos kx cos ky + cos ky cos kz + cos kz cos kx)
+ 8t3 cos kx cos ky cos kz
+ 2t4(cos 2kx + cos 2ky + cos 2kz) − µ. (3)
When we choose the parameters (t1, t2, t3, t4, n) =
(−0.8, 0.275, 0.1125, 0.8, 0.2), where the band width is
W = 17.24, the Fermi surfaces show the topological transi-
tion of type (A) at α = 0.92. Figure 5(a) shows the maximum
χs/χn at this FS topological transition. On the other hand, the
increase in χs/χn is not discontinuous in contrast to that in
two-dimensional systems [see Fig. 2(a)]. This is because the
density of states continuously decreases as ρ(ε) ∝ √ε − εc
at the band edge ε = εc [see Fig. 5(b)]. Because of the less
singular properties in the density of states, the increase in the
normalized spin susceptibility χs/χn due to the FS topological
transition is less pronounced than that in two-dimensional
systems.
A small enhancement of χs/χn in Fig. 5(a) from the conven-
tional value χs/χn = 2/3 implies that there is another source
of the large spin susceptibility χs/χn observed in Li2Pt3B.
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Fig. 5. (Color online) (a) Normalized spin susceptibility χs/χn in the three-
dimensional systems with the cubic spin-orbit coupling. We assume the
parameters (t1 , t2, t3, t4 , n) = (−0.8, 0.275, 0.1125, 0.8, 0.2) in Eq. (3). The
FS topological transition of type (A) occurs at α = 0.92. The lines show the
same quantities as in Fig. 2(a). In Figs. 5(a) and 6, the horizontal thin dotted
line shows the normalized spin susceptibility χs/χn = 2/3 of conventional
cubic non-centrosymmetric superconductors.13,14) (b) Density of states in
the normal state at α = 0.92. The vertical dashed line shows the Fermi
energy. The lines show the same quantities as in Fig. 2(b).
We here show a case in which a large χs/χn close to unity
is realized. When we assume the parameters (t1, t2, t3, t4, n) =
(−0.8, 0.275, 0.1125, 0.8, 0.9) in Eq. (3), the Fermi surface of
the ε− band and that of the ε+ band cross the van-Hove sin-
gularity at α = 0.82 and α = 2.3, respectively. With further
increase in the spin-orbit coupling, the Fermi surface of the ε+
band vanishes at α = 3.6. We obtain a large normalized spin
susceptibility χs/χn > 0.9 for α > 3.6, as shown in Fig. 6.
We explain such a large spin susceptibility in the supercon-
ducting state by discussing again the Pauli part and Van-Vleck
part of spin susceptibility. For simplicity, we consider a small
electron pocket Fermi surface of heavy ε+ band and a small
hole pocket of light ε− band. The Pauli part of spin suscepti-
bility is proportional to the density of states,
ρ(ǫF) =
√
2m3e(ǫF − ǫc+)
4π2
+
√
2m3h(ǫc− − ǫF)
4π2
,
where the first term (second term) comes from the heavy elec-
tron band (light hole band). We denoted the band edge of each
band, ǫc+ and ǫc−, and assume the effective mass, me ≫ mh.
When the electron pocket vanishes with increasing antisym-
metric spin-orbit coupling, the density of states is significantly
decreased as
ρ(ǫF) =
√
2m3h(ǫc− − ǫF)
4π2
.
The decrease in the density of states leads to a decrease in
the Pauli part spin susceptibility, while the Van-Vleck part
is hardly affected. Thus, the normalized spin susceptibility
χs/χn = χV/(χP + χV) shows a substantial increase as it ap-
proaches the FS topological transition of type (A), when the
spin-split Fermi surfaces have different effective masses and
the Fermi surface of heavy band vanishes, as in the case of our
model adopted in Fig. 6. This is a possible mechanism of the
large spin susceptibility χs/χn in Li2Pt3B, although the possi-
bility of another source for realizing a small Pauli term is not
excluded. We would like to stress that such a small Pauli term
is not realized by a small antisymmetric spin-orbit coupling
compared with the Fermi energy.
Indeed, successive FS topological transitions from Li2Pd3B
to Li2Pt3B have been indicated by the first-principles band
structure calculations.20, 21) Thus, the intriguing topology of
the Fermi surface in Li2(Pd1−xPtx)3B may be the source of
the unusual magnetic properties in the superconducting state.
A decrease in the density of states with increasing concen-
tration of Pt ions has not been clearly observed,7) indicating
that our proposal is not likely realized. However, the multi-
band structure of Li2(Pd1−xPtx)3B does not allow such a sim-
ple discussion. FS topological transitions of Li2(Pd1−xPtx)3B
are partly due to the multiband structure, and the single-band
model adopted in this paper does not precisely reproduce the
electronic structure of Li2(Pd1−xPtx)3B. The analysis of a re-
alistic model is desired to elucidate the superconducting state
of Li2(Pd1−xPtx)3B.
4. Summary and Discussion
We have investigated the spin susceptibility of non-
centrosymmetric superconductors, which is accompanied by
the topological transition of Fermi surfaces owing to the an-
tisymmetric spin-orbit coupling. When one of the Fermi sur-
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Fig. 6. (Color online) Normalized spin susceptibility χs/χn for
(t1 , t2, t3, t4 , n) = (−0.8, 0.275, 0.1125, 0.8, 0.9) in Eq. (3). The FS
topological transition of type (C) occurs at α = 0.82 and α = 2.3, and that
of type (A) occurs at α = 3.6.
faces of the spin-split band vanishes [FS topological transition
of type (A)], the normalized spin susceptibility χs/χn is in-
creased. On the other hand, χs/χn is decreased by the FS topo-
logical transition of type (B) in which the Fermi level crosses
the Dirac point. The spin susceptibility χs/χn increases when
the Fermi surface crosses van-Hove singularities [FS topolog-
ical transition of type (C)], but the increase is smaller than that
due to type (A). We obtain the maximum χs/χn at the type (A)
FS topological transition, and a large χs/χn for the antisym-
metric spin-orbit coupling α larger than the critical value.
These behaviors of the spin susceptibility are understood in
terms of the density of states. The density of states depends on
the band structure; however, it shows a universal change at the
FS topological transition. Thus, our results on the changes at
the FS topological transition are qualitatively independent of
the band structure. Note that these results are also independent
of the symmetry of superconductivity.
The effects of FS topological transitions are pronounced
in the two-dimensional systems because of the discontinu-
ous jump of the density of states at the band edge. Even in
three-dimensional systems, the spin susceptibility is almost
unchanged through the superconducting transition, when suc-
cessive transitions of types (A) and (C) occur. We obtained
a large normalized spin susceptibility χs/χn > 0.9, which
is consistent with the NMR Knight shift measurement for
Li2Pt3B6, 12) within the experimental resolution. Generally,
such a large normalized spin susceptibility is obtained when
the density of states is significantly decreased by the antisym-
metric spin-orbit coupling. We showed an example of such a
band structure. Although our single-band model does not re-
produce the multiband structure of Li2Pt3B, our finding indi-
cates the important roles of FS topological transitions. Indeed,
the band structure calculation shows a lot of topological tran-
sitions in Li2Pt3B owing to the large spin-orbit coupling, but
not in Li2Pd3B because of the small spin-orbit coupling.20, 21)
In order to elucidate the effect of the intriguing topology of
the Fermi surface on the superconducting phase in Li2Pt3B,
it is desired to study the multiorbital model, which precisely
describes the electronic structure of Li2(Pd1−xPtx)3B.
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